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The damage phenomenon, macroscopically characterized by the decrease in the elastic 
material stiffness or so-called softening, is common in all engineering materials and can 
significantly decrease structural load-carrying capacity, and eventually lead to a complete loss 
of mechanical integrity. A lot of engineering materials can be treated as heterogeneous, 
particularly if they are observed at microscale. The geometrical and material properties of the 
constituents forming the microstructure have a significant impact on the material behavior. 
Therefore, in order to assess structural integrity and to predict structural lifetime, an analysis 
evolving microstructure is necessary.  

In the present contribution, an efficient damage model for quasi-brittle materials implemented 
into the two-dimensional C1 continuity triangular finite element formulation [1] employing 
the nonlocal continuum theory is proposed. The element consists of three nodes and 36 
degrees of freedom with the displacement field approximated by the full fifth order 
polynomial. The nodal degrees of freedom are the two displacements and their first- and 
second-order derivatives with respect to the Cartesian coordinates. Using the derived 
formulation, a nonlocal material behaviour is introduced in the model, enabling the 
preservation of the ellipticity of the boundary value problem when a material softening 
occurs. The isotropic damage law [2] is embedded in the higher-order stress-strain 
constitutive relations, which enable the analysis of both homogeneous and heterogeneous 
materials. Accordingly, the incremental constitutive equations may be written as 

 
   

   

1 1 ,

1 1 .

D D

D D

 

 

       

       

σ C ε C η

μ C ε C η
 (1) 

Herein the damage evolution law is described by the scalar variable D . σ  is the Cauchy stress 
tensor and μ  stands for the double-stress tensor, while ε  and η  represent strain and strain 

gradient tensors, respectively. C , C , C  and C  denote the constitutive stiffness 

matrices. The damage enhanced constitutive relations (1) are employed at the structural 
macrolevel, while the material stiffness matrices are computed at the microscale using the 
second-order homogenization procedure. Therein, an appropriate representative volume 
element (RVE), representing a sample of heterogeneous material, is considered, as it is 
usually performed in the multiscale computational approach [1]. In the case of material 
homogeneity, the stiffness matrices C  and C  are taken to be zero, and the remaining two 

tangent stiffness matrices can be computed analytically [3]. The nonlocality of the structural 
behavior is described by the higher-order constitutive matrices C , C  and C  depending 

on the microstructural length scale [4].  

In the numerical examples the damage responses of both heterogeneous and homogeneous 
materials are analyzed and compared. The two benchmark examples exhibiting the mode I 
and II failure problems are performed. It is observed that the softening behavior depends on 
the RVE size dictating nonlocal behavior, as well as on the porosity and the average hole 
radius describing anisotropy of the heterogeneous material. Furthermore, the structural 



 
 

 

responses of the considered computational models clearly indicate that heterogeneous 
materials have a much lower load-carrying capacity, as expected. All results are mesh 
independent. In contrast to the results obtained in the literature [5], where the conventional 
implicit gradient damage formulation is adopted, the proposed damage algorithm yields a 
fully localized deformation without spurious damage growth.  

A more realistic damage modeling in heterogeneous materials requires the analysis of the 
softening responses at the microlevel and then the transfer of the state variables to the 
macrostructural scale using a multiscale approach. However, this is the focus of the authors’ 
further   research.   
 
Acknowledgements 

This work has been fully supported by Croatian Science Foundation under the project 
Multiscale Numerical Modeling of Material Deformation Responses from Macro- to 
Nanolevel (2516).  
 
References 

[1] Lesičar, T., Tonković, Z.,  Sorić, J., A second-order two-scale homogenization procedure using C1 
macrolevel discretization, Computational Mechanics, 54 (2014) 425-41. 

[2] Peerlings, R.H.J., Enhanced damage modeling for fracture and fatigue. Ph.D. Thesis. Eindhoven 
University of Technology, (1999), Netherlands. 

[3] Kouznetsova, V.G., Geers, M.G.D., Brekelmans, W.A.M., 2004. Size of a representative volume 
element in a second-order computational homogenization framework. International Journal for 
Multiscale Computational Engineering, 2 (2004) 575-598. 

[4] Lesičar, T., Tonković, Z., Sorić, J., C1 Continuity Finite Element Formulation in Second-Order 
Computational Homogenization Scheme, Journal of Multiscale Modelling, 04 (2012) 1250013. 

[5] Simone, A., Askes, H., Sluys, L.J., Incorrect initiation and propagation of failure in non-local and 
gradient enhanced media. International Journal of Solids and Structures, 41 (2004) 351-363. 

 


