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 Bounded Cauchy fluxes and pseudobalance equations
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In this communication a partially new approach to some foundational aspects of Continuum
Mechanics  is  presented  [1-5],  and  its  consequences  on  the  formulation  of  theories  for
generalized continua are discussed. 

The traditional approach to Continuum Mechanics is based on Euler’s balance laws of linear
and angular momentum, which correspond to Newton’s first two general laws of Mechanics,
while the third law, or law of action and reaction, is reduced to a corollary of the first law. In
the  second  half  of  the  past  century,  this  generally  accepted  framework  has  been  re-
analyzed. In his 1963 paper [6], W. Noll showed that the first two laws are consequences of
a  stronger  postulate,  the indifference of  power,  which,  in  turn,  is  a  consequence of  the
conservation of energy. Later, Gurtin and Martins [7] and Šilhavý [8, 9] came to the conclu-
sion that the two laws, till  then considered as balance equations between actions of two
different types, distance and contact, are in fact regularity assumptions on the system of
contact actions, requiring that the contact actions be bounded Cauchy fluxes. This is why, in
[1], I proposed to re-baptize them pseudobalance equations. In this new context, Newton’s
third law becomes the assumption that the Cauchy fluxes be skew-symmetric. In this way, it
recovers the status of a general law, which was lost in the formulation based on Euler’s laws.

The proposed approach clarifies several aspects of the theory of generalized continua as
formulated by Germain [10-11] and others. First of all, it does not require to invent a new
balance law (that is, a new law of Nature, to be added to Newton’s laws) for each new type
of generalized continuum, since now the basic assumptions are the regularity of the system
of contact actions and the indifference of power. Second, there is no necessity of inventing
two different powers, external and internal, since the second can be deduced from the first
using the pseudobalance equations and the Gauss-Green transformation between volume
and surface integrals.

Usually,  a  generalized continuum is  obtained by fixing a  set  of  primary variables (order
parameters or generalized displacements) and the corresponding dual variables acting on
bulk and surface, or also, possibly, on isolated points, lines, or fractal sets. The coupling of
primal  and  dual  variables  determines  the  expression  of  the  external  power,  and  each
expression of the external power determines a class of continua. Within each class, a variety
of  material  responses  can  be  described  by  constitutive  equations,  which  are  relations
between the primary and dual variables. 

Usually, but not necessarily, the primary variables describe various types of microstructure.
Examples are the microstructural theories of viscoplasticity, crystal plasticity, mass growth,
and the strain gradient theories of plasticity and damage. The microstructural variables can
be scalars, vectors, or tensors. In particular, for the micropolar continua the microstructure is
described by a set of vectors, called directors. This class includes the Cosserat continua, for
which the directors are orthonormal and inextensible. 



Special classes of continua are obtained from the Cauchy-Born hypothesis, which relates
the microstructural deformations to the gradients of  the macroscopic deformation.  In this
case, in the expression of the external power the microstructural variables are replaced by
higher-order  gradients  of  the  macroscopic  deformation,  giving  rise  to  second-order and
higher-order continua. 

The  Cauchy-Born  hypothesis  can  be  viewed  as  an  internal  constraint  imposed  to  the
microstructural  variables.  An  example  is  the  constraint  relating  the  directors  with  the
macroscopic  rotation  in  the  Cosserat  continua  with  constrained  rotation.  Other  internal
constraints may lead to the situation in which the microstructural variables do not appear
explicitly in the expression of the power. The corresponding continua are called  continua
with  latent  microstructure  [12].  In  particular,  ad  hoc  geometrical  constraints  imposed  to
bodies whose shape is characterized by a dominating line or surface lead to dimensional
reduction, providing the classical theories of beams, plates, and shells, both unconstrained
(Timoshenko beams, Reissner plates) and with constrained rotation (Euler-Bernoulli beams,
Kirchhoff-Love plates).
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