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Abstract

Inelastic phenomena emerge in several contexts, these ranging from
the onset of plastic deformations in building materials to the growth and
structural reorganization of biological tissues.

To our knowledge and understanding, the crucial differences among
the various models of Elastoplasticity available in the literature arise when
the issues of plastic flow and hardening are addressed. Indeed, given for
granted the multiplicative decomposition of the deformation gradient FFF
into an elastic and a plastic part, FFF = FFFeFFFp, the elastoplastic evolution
of a body is described by the overall deformation, and a set of internal
variables comprising FFFp and the hardening parameters.

The “standard” numerical algorithm of Computational Plasticity is
the Return Mapping Algorithm (RMA) [8]. In its classical formulation,
the RMA is a closest point projection method elaborated for associa-
tive, rate-independent plastic flow rules, and isotropic material behavior.
The algorithm solves a constrained optimization problem, which involves
the linear momentum balance law and the plastic flow rule, under the
Karush-Kuhn-Tucker (KKT-) conditions on a suitable plastic multiplier
and a yield function. Whereas the linear momentum balance law is put in
weak form within the framework of Finite Element implementations, the
flow rule, which features no spatial partial derivatives, is kept in strong
form. Due to the way in which it is developed, the RMA introduces shape
functions only for the displacements, but not for the plastic deformation,
which is consequently evaluated only at the integration points.

According to the formulation of Elastoplasticity given in [1], FFFp is
treated as a kinematic variable and is, thus, associated to a “non-classical”
balance law. With the jargon of [2], where a similar framework was
presented for growth, together with the velocity vvv, which accounts for
the “visible” motion of a body, there is another kinematic descriptor,
LLLp = ḞFFpFFFp

−1, that keeps track of the variations of the body internal
structure. Invoking the Principle of Virtual Powers leads to a set of
two equations that represent the standard balance of linear momentum
and a non-standard balance of the generalized (tensor-like) forces power-
conjugate to LLLp. Such a non-classical formulation requires the adaptation
of the numerical tools that are commonly used in Elastoplasticity.

We present a numerical procedure that aims at generalizing the RMA
[5]. The main feature of the proposed method, which picks up the ideas
put forward in [1, 2, 4], is that the weak form of the linear momentum
balance law and the flow rule are handled as equally ranked laws (that
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is, there is —at least in principle— no hierarchy among the variables
of the mathematical model). These two laws are then linearized with
respect to both the displacement field and the plastic deformation tensor.
Although our results have been obtained under the same hypotheses as
those made for the RMA, our procedure seems to be extendable to more
general formulations of Elastoplasticity (cf., e.g., [7]), and to higher-order
theories in the tensor of inelastic deformations (cf., e.g., [3]).

It should be mentioned that our method presents an increase in the
computational effort with respect to the RMA. Nevertheless, the proposed
algorithm can be combined with efficient and robust multi-grid methods
and is, thus, well-suited for large problems.

Our algorithm has been implemented in our software system “UG4”
[9]. First results of some numerical tests will be shown (see fig. 1) and
compared with those reported in [6].

Figure 1: deformation of a circular bar
in a tensile test.
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