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ABSTRACT 
In this work, we will show first that without loss of generality, the large number of independent material 
coefficients of strain gradient elasticity may be reduced considerably by using an additional, order-of-
differentiation symmetry condition. Here we demonstrate that in strain gradient elasticity, this symmetry 
condition is essential both for avoiding the appearance of energetically insignificant material coefficients 
and also for the validity of free variation formulations commonly employed when deriving the field 
equations of strain gradient elasticity. We have proven in the previous related works that this necessity 
has been unnoticed and that as an unwanted consequence, the resulting theories may suffer from spurious 
solutions. Based on this symmetry condition, we derive the minimal symmetry admissible theory of 
isotropic strain gradient elasticity with a total of only four independent material coefficients. The 
presented theory has a simple stability criteria and its factorized displacement form in equations of 
equilibrium will allow for expedient identification of the fundamental solutions operative in specific 
theoretical and application studies. 

The generalized continuum model with adhesion interaction is also introduced.  The strain gradient’s 
framework and Lagrange’s variational formalism are used for a natural incorporation of the adhesion 
terms which makes it particularly useful for studying the size dependent elastic responses of composite 
media and structured materials, in particular those with the submicron and nanoscale microstructures. 

In the second part of this work, we elaborate the microstructure-dependent theory of beams that can 
be very interesting and stimulating for both theoretical and engineering applications. For example, many 
micro- and nanoscale components and devices exhibited microstructure-dependent size effects. Beam 
models based on the classical elasticity are not capable to describe such size effects due to the lack of a 
material length scale parameter. As such, this motivated the development of beam models using higher-
order (non-local) continuum theories that contain additional material constants. Several higher-order 
elasticity theories have been used to develop microstructure-dependent beam models (see fundamental 
works of Vardoulakis and Sulem(1995), Yang et al.(2002), Peddieson et al. (2003),  Wang(2005),  
Papargyri-Beskou et al. (2003),  Giannakopoulos and Stamoulis (2007),  Reddy(2007),  Park and 
Gao(2006, 2008)). Here, we use accurate qualitative analysis and show that a non-classical theory of 
beams can be constructed by using a simple completely symmetric gradient theory, which in principle 
provides the same order of solutions where in the equilibrium equations and boundary conditions, the 
stress components with additional order of smallness are exhibited. This leads to asymptotically 
consistent model of non-classical theory of microstructure-dependent beams. At the same time, we only 
use the kinematic relations based on the Timoshenko’s theory and no additional assumptions are used 
except the correctness requirements associated with the fundamental principle of symmetry. Thus, it is 
proven that in this case, consistent variational formulation leads to a refined theory of microstructure-
dependent beams, which are different from the other theories developed in the works of Ma H.M. (2008), 
Gao X.L (2010), and Reddy J.N. (2011). 

The new proposed model contains one material length scale parameter and in general case, two 
additional length scale parameters linked to the surface energy. Unlike the classical Timoshenko beam’s 
theory, this model able to capture the size effect when both bending and axial deformations are 



considered.  Certainly, the newly developed non-classical models of Timoshenko and Bernoulli– Euler 
beam will yield the classical beam models when the material length scale parameter and the scale 
parameters, which are related to the surface properties are set to be zero. It is shown that by using the 
correct models that satisfy the symmetry principle, one can make a substantial correction to simulate the 
results of deformations for very thin beam structures. Similar trends are observed for the free vibration 
problem, where it is shown that the natural frequency predicted by the new model is higher than that by 
the classical model, with the difference between them being significantly large only for very thin beams.   
However, this effect is only associated with scale parameter related to surface properties and not with 
length scale effect. On the hand, the scale parameter of the material structure can have a significant effect 
on the deformation only in the case when the length of the thin beam is comparable with the characteristic 
size of the microstructure. It is worthy to note that this new beam’s theory gives results that are 
remarkably consistent with the available experimental data for all frequency range with appropriate 
choice of parameters. 
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