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ABSTRACT 

This paper deals with the dynamics of elastic composites in view of design media having a 
negative effective mass or stiffness. The study is performed by multiscale asymptotic 
approach, considering periodic media and phenomena that vary at large scale compared to 
the period size. The first and second parts are respectively devoted to composites of weakly 
then highly contrasted elastic properties.  

Weakly contrasted composites   
 We recall the results derived by homogenisation [1, 2] in a frequency range sufficiently 
low to avoid any resonance within the period. When the wavelength is much larger than the 
period, the leading order description corresponds to the classic Cauchy/Newton formulation 
at the macroscale. When the wavelength is not so large compared to the period, the 
correctors of the leading order have to be taken into account that lead to an higher gradient 
continuum with a frequency dependent mass. This second situation corresponds to a poor 
scale separation in the frequency range f = O(fR) of the Rayleigh scattering. 
 For higher frequency, i.e. f > fR, inner resonance (i.e. within the period) may arise. 
Hence, the motions vary at the period scale and the scale separation in the usual sense is lost. 
However, as suggested by [3], in parallel to the fast local variations, the mode amplitude of 
periodic eigenmodes can vary at large scale. This introduces another type of scale separation 
on which the asymptotic procedure applies. In that case, the number of cells on which the 
periodic mode is defined must be specified and becomes a parameter. This “multicell” 
procedure [4] leads to a family of differential macroscopic sets, each of them governing the 
large modulation phenomena attached to a given mode in a frequency range close to its 
eigenfrequency. These descriptions that account for inner resonance, depart significantly 
from the classic or generalized description of composites. They involve an elasto-inertial 
effective symmetric tensor (positive or negative) and a highly frequency dependent effective 
inertia whose the nature depends on the multiplicity of the considered mode. 
 To sum up, two frequency domains are identified: low frequencies, f < fR, where the 
dynamics occurs at macroscale, and the weak local dynamic effects arise as correctors ; high 
frequencies, f > fR, where the dynamics occurs at microscale, with significant effects of 



resonance. Thus, a macrodynamic regime together with significant local resonance effects 
appears impossible in weakly contrasted media. 
 
Highly contrasted composites    
 Consider now elastic composites made of a stiff matrix and a soft inclusion [5, 6, 7]. 
Because of the contrast, at the same frequency, the stiff constituent carry long wavelength 
while short wavelengths propagate in the inclusion.  When the short waves match the 
inclusion size,  inner resonance occurs and a dynamic regime exist at both micro and macro 
scales ("co-dynamics" regime). As a long wave exists, these situations are handled by 
homogenization. In details, the stiff component (C) lies locally in quasi-static state and acts 
as the long wavelength conveyor, while soft component (R) experiences a resonant state. 
Thus, the local stress is carried by C, which moves uniformly in the period. The dynamics in 
R results in a non uniform, frequency dependant motion. Hence, the effective inertia is 
positive or negative around the eigen-frequencies of R. This induces band-gaps at large 
wavelength.  

 Such “co-dynamics” regime can be obtained in different cases. In reticulated media, the 
bars present higher stiffness in compression and than in bending. Thus, local bending 
resonance may occur and lead to frequency dependent effective mass also giving rise to 
dispersive waves, with cut-off frequencies [8]. In porous media with inner resonators the co-
dynamics is reached via a geometrical contrast. Around resonance, the resonator brought a 
negative contribution to the effective gas stiffness [9]. A broad band gap along with strongly 
dispersed waves occurs according to the feature of the porous matrix and the resonators.  

 The similarities of the results related to different physics, show that inner resonance is 
actually possible in highly contrasted microstructures. It imposes R to respond in forced 
regime imposed by C. Then, the effective constitutive law is determined by C, while R acts 
as a source term in the balance equations.  

 

To conclude, the analysis provides design rules to build up composites with negative 
effective mass or stiffness. These latter are of prime interest for their unusual properties. 
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